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a b s t r a c t
We provide a new construction of nonlinear pseudorandom
number generators. We use the inversive method over Galois
rings. This generalizes to the common setting of Galois rings both
the works of Niederreiter et al. over finite fields and Eichenauer-
Herrmann et al. over integers modulo a prime power. The main
proof technique to bound the discrepancy from above is the
local Weil bound on hybrid character sums over Galois rings. The
estimates hold for the full period and also for certain parts of the
period. Elementary p-adic analysis allows us to ensure maximal
period length.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
A Pseudo Random Number Generator (PRNG) is an important brick of stochastic simulation, like,
e.g., the computation of an integral by the quasi-Monte Carlo method. The flaws of linear generation
are well documented in [4]. The inversive method is a well-known approach for constructing nonlinear
pseudorandom generators by iterating a transformation using multiplicative inverses in some ring
like a finite field GF(pm) [6–8,12], or the ring of integers Z/qZ modulo some power q = pl of a prime
p [2,9,10]. In both cases some care is to be exercised when taking inverses: the inverse of zero is
conventionally defined as zero, and zero divisors have to be avoided.
In the present work we use the same approach with a class of rings that encompasses both GF(pm)
and Z/qZ as special cases. The Galois ring R = GR(pl,m) is the unique Galois extension of Z/plZ of
degree m. So Z/qZ = GR(pl, 1) is the extension of degree one and the finite field of pm elements is
GF(pm) = GR(p,m). The transformation we iterate depends on the choice of a pair a, b of elements of
the Galois ring and a transitive permutation pi acting on the ideal (p) as explained in Definition 4.3.
By standard counting there are (pm(l−1) − 1)! such permutations. By using some elementary p-adic
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analysis we are able to obtain periods pm(l−1) and its parts for the transformation Φ (Definition 4.3). In
fact the natural analogue of the transformation in [2] in the context of Galois rings is φ.We introduce
Φ to control the period. It is an interesting open problem to find some arithmetic conditions on a, b
for φ to act transitively on R. However, as can be seen in Section 4 our discrepancy estimates will hold
either for the maximal period (Theorem 7.1) or for certain parts of the period (Theorem 7.2). In the
latter case we adapt the averaging technique of [7].
The material is organized as follows. Section 2 contains definitions and notation on Galois rings.
Section 3 collects the bounds we need on character sums. Section 4 considers properties of an inversive
function. Section 5 defines the inversive pseudorandom sequence. Section 6 contains the estimate on
trigonometric sums. Section 7 derives the statistical properties of the sequence.
2. Preliminaries
Let R = GR(pl,m) denote the Galois ring of characteristic pl with plm elements. Let ξ be an element in
GR(pl,m) that generates the Teichmüller set T of GR(pl,m). Specifically, let T = {0, 1, ξ, ξ2, . . . , ξpm−2}
and T ∗ = {1, ξ, ξ2, . . . , ξpm−2} (recall that ξpm−1 = 1). The p-adic expansion of x ∈ GR(pl,m) is given
by
x = x0 + px1 + · · · + pl−1xl−1, (1)
where x0, x1, . . . , xl−1 ∈ T . The Frobenius operator σ is defined for such an x as
σ(x0 + px1 + · · · + pl−1xl−1) = xp0 + pxp1 + · · · + pl−1xpl−1,
and the trace Tr, from GR(pl,m) down to Zpl , as
Tr :=
m−1∑
j=0
σj.
Alternatively viewing R as a module over the ring Zpl , any y of R can be written as
y = a0 + a1ξ+ · · · + am−1ξpm−2, (2)
where a0, a1, . . . , am−1 ∈ Zpl , integers between 0 and pl − 1.
Throughout this note, we set q = pl. Let M = (p) = pR be the maximal ideal of the ring R, and
R∗ = R \M.
Definition 2.1. For any α ∈ T define a ball B(α) centered at α:
B(α) = α⊕M = {x+ y | y ∈ M}.
We have the disjoint set decomposition
R = ⋃
α∈T
B(α).
For any x ∈ R, let x¯ ∈ GF(pm) be the image of x under the (mod p) map.
3. Local Weil bound
Let l be a positive integer ≥ 4, and ω = e2pii/q be a primitive q = plth root of 1 in C.
Let f (T) denote a polynomial in R[T] and let
f (T) = F0(T)+ pF1(T)+ · · · + pl−1Fl−1(T)
denote its p-adic expansion. Let di be the degree in T of Fi. LetΨ(x) be the standard additive character
of R, applied to a typical x ∈ R:
Ψ(x) = ωTr(x).
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For β ∈ R, setΨβ(x) = Ψ(βx). Any element of R can be written in the form (1) as pkx, where x ∈ R∗ and
0 ≤ k ≤ l. Then
Ψ(pkx) = ωTr(pkx) = ωpkTr(x).
Let χ be a multiplicative character whose order divides pm − 1. Let us agree that a polynomial f is
nondegenerate if its trace is nonconstant like in [3, Section 4.2]. Set Df to be the weighted degree of f (a
nondegenerate polynomial), defined as
Df = max(d0pl−1, d1pl−2, . . . , dl−1).
With the above notation, we have the bound∣∣∣∣∣∑
x∈T ∗
Ψ(f (x))χ(x)
∣∣∣∣∣ ≤ Dfpm/2.
See [11] for details. For the extended sums, if f1(T), f2(T) ∈ R[T] are nondegenerate polynomials of
weighted degrees Df1 and Df2 , we have∣∣∣∣∣∑
x∈T ∗
Ψ(f1(x)+ f2(x−1))χ(x)
∣∣∣∣∣ ≤ (Df1 + Df2)pm/2. (3)
See [3,11] for details.
4. Inversive function
First, we recall some facts about inversive sequences over finite fields. Let GF(pm) be a finite field
of pm elements. For the elements a0, b0 ∈ GF(pm), define the function φ0 : GF(pm)→ GF(pm) by
φ0(t) = a0t−1 + b0, if t 6= 0, and φ0(0) = b0. (4)
Let t0, t1, . . . be the sequence of elements defined by the initial element t0 ∈ GF(pm) and using
recursion ti+1 = φ0(ti).
The period of the inversive sequences over the finite fields were studied by Chou in [12]. In
particular, it follows from Theorem 4 of [12] that depending on the choice of nonzero elements a0, b0
and the initial t0, the period of the sequence t0, t1, . . . , where ti+1 = φ0(ti), divides p2m − 1 or pm − 1.
In particular there exist a0, b0 and t0 so that the period equals pm and the sequence t0, t1, . . . runs over
all elements of the field GF(pm). In that case it is obvious that a0 6= 0 and b0 6= 0. Indeed if b0 = 0 then
φ0(0) = 0 and zero is the fixed point. If a0 = 0 then
φ20(0) = φ0(b0) = 2b0 = 0.
We also assume that t0 = 0.
Our goal is to define a sequence over the Galois ring R, based on the sequence over the residue field
GF(pm).
First we generalize the notion of inversion in the case of the Galois ring.
Definition 4.1. Given an arbitrary element pex ∈ R, where 0 ≤ e ≤ l, and x ∈ R∗, define the function
φ : R→ R as follows:
φ(pex) = peax−1 + b, and φ(0) = b,
for some a, b ∈ R∗. Set φ0(x) = x, φ1(x) = φ(x), and φi+1 = φi ◦ φ for all i ≥ 1.
Let a0, b0 ∈ GF(pm) be so that t0 = 0, and the sequence t0, t1, . . . , defined by (4) be the sequence
over GF(pm). Consider the function φwhere the elements a, b ∈ T ∗ are so that a¯ = a0 and b¯ = b0. Then
the sequence x0, x1, . . . , xpm−1 defined by x0 = 0, xi+1 = φ(xi) runs over the elements of R with p-adic
expansion
xi = xi,0 + pxi,1 + · · · + pl−1xi,l−1,
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so that x¯i = x¯i,0 = ti. We have that xi,0 runs over T when i = 0, 1, . . . , pm − 1. Recalling the definition
of a ball, the following disjoint decomposition holds
R =
pm−1⋃
i=0
(xi,0 +M) =
pm−1⋃
i=0
B(xi,0) =
pm−1⋃
i=0
B(i),
where B(i) = B(xi,0).
Definition 4.2. For any element x ∈ M, define the set
Orb(x) = {x,φ(x), . . . ,φpm−1(x)} = {φi : 0 ≤ i ≤ pm − 1}.
Note that when i ranges from 0 to pm − 1, the elements φi(x)0 (the first entry in the p-adic expansion)
run over the Teichmüller set T . Thus, we have
R = ⋃
x∈M
Orb(x).
For any x ∈ R let x′ be the corresponding element of M so that x ∈ Orb(x′).
Let pi be a permutation. Set pi0 to be the identity, pi1 = pi, and pii+1 = pii ◦ pi for all i ≥ 1.
Definition 4.3. Let x be an arbitrary element of R and x ∈ Orb(x′) for some x′ ∈ M. Let pi be any
transitive permutation on the set M of pm(l−1) elements. For any i0, k ≥ 0 such that 0 ≤ i0 + k ≤ pm,
define the function Φk = Φi0,k : R→ R as follows:
Φk(x) = Φi0,k(x) =
{
φ(x), if x ∈ B(i), i0 ≤ i < i0 + k− 1
pi(x′) if x ∈ B(i0 + k− 1).
Set Φ = Φpm = Φ0,pm . Note that the inverse of this function exists, for if y = Φ(x), then
x = Φ−1(y) = a(y− b)−1, when y 6= b, and 0 = Φ−1(b).
Thus Φ acts as a permutation on the ring R.
5. Application of the digital method
For any x0 ∈ R and 0 ≤ k ≤ pm an inversive sequence x0, x1, . . . of elements of R is defined by
xi+1 = Φk(xi) = Φ i+1k (x0), i ≥ 0. (5)
Note that by construction of Φk this sequence is of the period N = N(k) = k× pm(l−1) and in particular
Φ is of the full period pml.
Definition 5.1. For any x ∈ R of the form (2), define the following normalization map η : R→ [0, 1):
η(x) = (a0 + a1pl + · · · + am−1p(m−1)l)/plm.
where a0, . . . am−1 are integers between 0 and pl − 1.
Define a sequence y0, y1, . . . , where yi = η(xi), i = 0, 1, . . . of inversive pseudorandom numbers
in the interval [0, 1), and define
zi = (yi, yi+1) ∈ [0, 1)× [0, 1), i = 0, 1, . . . .
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6. Auxiliary results
Let Q > 0 be an integer and C2×m(Q) be the set of all nonzero 2 × m matrices with entries
hij satisfying −Q/2 < hij ≤ Q/2 for 0 ≤ j ≤ m − 1 and i = 0, 1. Suppose we have the
sequence x0, x1, . . . , xN−1 of inversive pseudorandom numbers, where the coordinate vector of xn,
n = 0, . . . ,N − 1 is given by
(a(n)0 , a
(n)
1 , . . . , a
(n)
m−1) ∈ Zm2l .
Recall that q = pl. For H = (hij) ∈ C2×m(q) let
SN(H) =
N−1∑
n=0
e
(
1
q
m−1∑
j=0
(h0ja
(n)
j + h1ja(n+1)j )
)
,
where e(u/q) = e2piiu/q.
For any element c ∈ M, define the following sum.
S(β0,β1) =
∑
x∈T ∗
Ψ(β0(x− c)+ β1(x− c)−1), (6)
where β0,β1 are nonzero. Note that it looks similar to the Kloosterman sum but differs from the
classical definition. We need the following property.
Lemma 6.1. We have
|S(β0,β1)| ≤ 2pl−1√pm.
Proof. For any c ∈ R, set f1(x) = β0(x + c) and f2(x−1) = β1(x − pc)−1. Since β0 is nonzero, we have
that Df1 ≤ pl−1 (and Df1 = pl−1 when b0 is a unit). For any β1, c ∈ R, β1 6= 0, the following holds:
β1
x− pc =
β1
x
(
1+ pc
x
+
(
pc
x
)2
+ · · · +
(
pc
x
)l−1)
.
Thus, we have
f2(x) = c0x+ pc1x2 + p2c2x3 + · · · + pl−1cl−1xl,
where ci = β1ci ∈ R, for i = 0, . . . , l− 1, and suppose
ci =
l−1∑
j=0
cijp
j, cij ∈ T .
Rearranging the terms, we have the following p-adic expansion
f2 = F0 + pF1 + p2F2 + · · · + pl−1Fl−1,
where
Fi(T) =
i∑
j=0
cj,i−jTj+1 ∈ T [T],
of degree di ≤ i+ 1. Consequently
Df2 ≤ max{1 · pl−1, 2 · pl−2, . . . , (l− 1) · p, l} = pl−1.
Note that Df2 = pl−1 when β1 is a unit. Thus f2(x) is a polynomial whose weighted degree is at most
pl−1 and applying (3) we obtain
|S(β0,β1)| ≤ (pl−1 + pl−1)√pm = 2pl−1√pm.
The lemma follows. 
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Lemma 6.2. Let x0, x1, . . . be a sequence defined by (5) with full period N = pml. Then for any matrix
H = (hij) ∈ C2×m(q) we have
|SN(H)| ≤ pm(l−1)(3+ pl√pm).
Proof. Let {α0,α2, . . . ,αm−1} be the dual basis of R over Zpl . With this notation we have
a(n)j = Tr(αjxn),
where 0 ≤ j ≤ m − 1 and n ≥ 0 and Tr is the trace function from R to Zpl defined in Section 2. By the
Zpl-linearity we obtain
SN(H) =
N−1∑
n=0
e
(
1
q
m−1∑
j=0
(h0ja
(n)
j + h1ja(n+1)j )
)
=
N−1∑
n=0
e
(
1
q
m−1∑
j=0
(h0jTr(αjxn)+ h1jTr(αjxn+1))
)
=
N−1∑
n=0
e
(
1
q
m−1∑
j=0
Tr(h0jαjxn + h1jαjxn+1)
)
=
N−1∑
n=0
Ψ
(
m−1∑
j=0
αj(h0jxn + h1jxn+1)
)
=
N−1∑
n=0
Ψ(β0xn + β1xn+1),
where
βi =
m−1∑
j=0
hijαj ∈ R, for i = 0, 1.
Since {α0,α1 . . . ,αm−1} is a basis, it follows that β0,β1 are not zero. Writing an arbitrary element of R
as x+ c, where x ∈ T and c ∈ B(0) = (p), and |1| = |2| = 1, the value |S(H)| is bounded from above
by
≤
∣∣∣∣∣∑
c∈M
(∑
x∈T
Ψ(β0(x+ c)+ aβ1(x+ c)−1 + b)+ (1(c)+ 2(c))Ψ(b)
)∣∣∣∣∣
≤ |Ψ(b)|∑
c∈M
(
2+
∣∣∣∣∣∑
x∈T
Ψ(β0(x+ c)+ aβ1(x+ c)−1)
∣∣∣∣∣
)
≤∑
c∈M
(3+ |S(β0, aβ1)|)
≤ |M|(3+ pl√pm),
where |M| = pm(l−1). The statement of the lemma follows. 
For any integerQ > 0, let Cm(Q) = C1×m(Q) be the set of all nonzero vectors of lengthmwith entries
hj satisfying −Q/2 < hj ≤ Q/2 for 0 ≤ j ≤ m − 1. Suppose we have the sequence x0, x1, . . . , xNk−1 of
inverse pseudorandom numbers of period Nk, where the coordinate vector of xn, n = 0, . . . ,Nk − 1 is
given by
(a(n)0 , a
(n)
1 , . . . , a
(n)
m−1) ∈ Zm2l .
For H = (h0, h1, . . . , hm−1) ∈ C1×m(q) let
SN(H) =
N−1∑
n=0
e
(
1
q
m−1∑
j=0
(hja
(n)
j )
)
,
where e(u/q) = e2piiu/q.
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Lemma 6.3. Let x0, x1, . . . be a sequence defined by (5) with period Nk = k× pm(l−1), where pl√pm < k <
pm. Then for any vector H = (hj) ∈ Cm(q) we have
|SNk(H)| ≤ pm(l−1)
√
k(6+ pl√pm).
Proof. Following the proof of Lemma 6.2, we have that
|SNk(H)| =
Nk−1∑
n=0
Ψ(βxn) =
Nk−1∑
n=0
Ψβ(xn), (7)
for some β ∈ R∗. Our approach follows that of [7]. We assume that k > 6+pl√pm otherwise the bound
is trivial. Obviously for any j we have that∣∣∣∣∣SNk(H)−
Nk−1∑
n=0
Ψβ(xn+j)
∣∣∣∣∣ ≤ 2|j| − 1. (8)
Recall that for any integer Q > 0 the set C(Q) = C1×1(Q) is the set of integers j −Q/2 < j ≤ Q/2. Then∑
j∈C(Q)
|j| ≤ Q2/4,
and therefore summing (7) for all j ∈ C(Q), we obtain the following inequality
Q|SNk(H)| ≤ W + Q2/4, (9)
where
W =
∣∣∣∣∣∣
Nk−1∑
n=0
∑
j∈C(Q)
Ψβ(xn+j)
∣∣∣∣∣∣ ≤
Nk−1∑
n=0
∣∣∣∣∣∣
∑
j∈C(Q)
Ψβ(xn+j)
∣∣∣∣∣∣
=
Nk−1∑
n=0
∣∣∣∣∣∣
∑
j∈C(Q)
Ψβ(Φ
j(xn))
∣∣∣∣∣∣ .
Applying the Cauchy–Schwarz inequality we obtain
W2 ≤ Nk
Nk−1∑
n=0
∣∣∣∣∣∣
∑
j∈C(Q)
Ψβ(Φ
j(xn))
∣∣∣∣∣∣
2
= Nk
Nk−1∑
n=0
∑
j1,j2
Ψβ(Φ
j1(xn)− Φ j2(xn))
= Nk
∑
j1,j2
Nk−1∑
n=0
Ψβ(Φ
j1(xn)− Φ j2(xn))
= QN2k +
∑
j1 6=j2
Nk−1∑
n=0
Ψβ(Φ
j1(xn)− Φ j2(xn))
≤ QN2k + 2Nk
∑
j2<j1
∣∣∣∣∣∑
x∈R
Ψβ(Φ
j1(x)− Φ j2(x))
∣∣∣∣∣ ,
where in all sums j1 and j2 range over C(Q). Since Φ is a permutation, we have Φ j1(x) = Φ j1−j2(Φ j2(x))
and thus∑
x∈R
Ψβ(Φ
j1(x)− Φ j2(x)) =∑
x∈R
Ψβ(Φ
j1−j2(x)− x).
P. Solé, D. Zinoviev / European Journal of Combinatorics 30 (2009) 458–467 465
Consequently
W2 ≤ QN2k + 2Nk
Q−1∑
j=1
(Q − j)
∣∣∣∣∣∑
x∈R
Ψβ(Φ
j(x)− x)
∣∣∣∣∣ . (10)
By induction it follows that for 1 ≤ j ≤ Q there exist nonzero linear polynomials γj, δj ∈ R[T] so that
Φ j(x) = γj(x)
δj(x)
,
for all x such that δi(x) 6= 0 for 0 ≤ i ≤ j. Thus∣∣∣∣∣∑
x∈R
Ψβ(Φ
j(x)− x)−∑
x∈R
Ψβ
(
γj(x)
δj(x)
− x
)∣∣∣∣∣ ≤ 2j− 1+ 2pm(l−1),
where the second sum is taken over all x ∈ R such that δi(x) 6= 0 for all 1 ≤ i ≤ j.
Moreover Φ j(x) is a permutation and thus invertible so that δj ∈ R∗. So, we obtain∣∣∣∣∣∣
∑
x∈R,δj∈R∗
Ψβ
(
γj(x)
δj(x)
− x
)∣∣∣∣∣∣ =
∣∣∣∣∣∑
x∈R∗
Ψβ(αx+ βx−1)
∣∣∣∣∣
=
∣∣∣∣∣∑
x∈R∗
Ψ(α′x+ β′x−1)
∣∣∣∣∣ .
Applying Lemma 6.2, we obtain that∣∣∣∣∣∑
x∈R
Ψβ(Φ
j(x)− x)
∣∣∣∣∣ ≤ pm(l−1)(5+ pl√pm)+ 2j− 1, 1 ≤ j ≤ Q − 1.
Recalling (10), we obtain
W2 ≤ QN2k + 2Nk
Q−1∑
j=1
(Q − j)(pm(l−1)(5+ pl√pm)+ 2j− 1)
= QN2k + (Q − 1)QNk(pm(l−1)(5+ pl
√
pm)+ (2Q − 1)/3)
< QN2k + (Q − 1)QNk(pm(l−1)(5+ pl
√
pm)+ 2Q/3)
< Q2Nk(NkQ
−1 + pm(l−1)(5+ pl√pm)(1− Q−1)+ 2Q/3).
Choose Q = pm so that Q2 < pm(l−1)(5+ pl√pm) and
W2 < Q2Nk(NkQ
−1 + pm(l−1)(5+ pl√pm)).
Combining this with (9), we obtain the following estimate
SNk(H) <
√
Nk(NkQ
−1 + pm(l−1)(5+ pl√pm))1/2 + Q/2
<
√
Nk(p
m(l−1)(6+ pl√pm))1/2.
The lemma follows. 
7. Discrepancy
To analyze the statistical independence properties of these sequences, we use the discrepancy of
pairs of successive pseudorandom numbers. For given N arbitrary points u0, u1, . . . , uN−1 ∈ [0, 1)
(respectively ∈ [0, 1)× [0, 1)) the star discrepancy is defined as
D∗N = D∗N(u0, u1, . . . , uN−1) = sup
J
|FN(J)− vol(J)|,
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where the supremum is extended over all subintervals J of [0, 1) (respectively subrectangles of
[0, 1)×[0, 1)), FN(J) is N−1 times the number of points among u0, u1, . . . , uN−1 falling into J, and vol(J)
is the length (respectively is the area) of J.
Given the sequence x0, x1, . . . of inverse pseudorandom numbers with period N over the ring R,
recall that y0, y1, . . . where yi = η(xi) ∈ [0, 1), i = 0, 1, . . . is the corresponding sequence of real
numbers defined by Definition 5.1. Let
zn = (yn, yn+1) ∈ [0, 1)× [0, 1), n = 0, 1, . . . ,N − 1.
For a finite digit expansion in a fixed base q = pl and s = 1, 2, the following estimate holds.
Using theorem [5, 3.12], lemma [5, 3.13] and our estimates, let
Λ =
( 2
pi
m log(2l)+ 7
5
m− m− 1
2l
)
.
Then we obtain:
Theorem 7.1. For the sequence z0, z1, . . . , zN−1 ∈ [0, 1)× [0, 1) of the full period N = pml, we have
D∗N ≤ 1+ Λ2(pl + 2)p−m/2,
or, for large p, l,m
D∗N = O(m2l2(log(p))2qp−m/2).
Similarly for parts of the period we obtain:
Theorem 7.2. For any 6+ pl√pm < k < pm, and the sequence y0, y1, . . . , yNk of period Nk = k× pm(l−1),
and q = pl ≥ 2, we obtain
D∗Nk ≤ 1+ Λ
√
k(6+ pl√pm)p−m,
or, for large p, l,m
D∗Nk = O(ml log(p)(kq)1/2p−3m/4).
Note that this estimate is nontrivial only when m > 2l.
8. Conclusions and open problems
In this work we have introduced a new pseudorandom number generator: the inversive
pseudorandom generator over Galois Rings. This generalizes to the common setting of Galois rings
both the generators of Eichenauer et al. over finite fields [1], and Eichenauer-Herrmann et al. [2] over
integers modulo a prime power. We have provided discrepancy estimates both for the full period and
also for certain special parts of the period. It would be interesting to generalize these estimates to
arbitrary parts of the period. We have ensured the maximum possible period by using an auxiliary
permutation pi. It is a problem of arithmetic interest to study the period of the natural inversive
transformation φ, and to give conditions bearing on a, b to achieve maximal period.
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